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Abstract. Let D be a smoothly bounded pseudoconvex domain in C n , n > 1. Using the Robin 
function A(p) that arises from the Green function G(z,p) for D with pole at p G D associated with the 
standard sum-of-squares Laplacian, N. Levenberg and H. Yamaguchi had constructed a Kahler metric 
(the so-called A-metric) on D. Assume that D is strongly pseudoconvex and ds 2 denotes the A-metric on 
D. In this article, first we prove that the holomorphic sectional curvature of ds 2 along normal directions 
converges to a negative constant near the boundary of D. Then, we prove that if D is not simply 
connected, then any nontrivial homotopy class of iri(D) contains a closed geodesic for ds 2 . Finally, we 
prove that the diminesion of the space of square integrable harmonic (p, <j)-forms on D relative to ds 2 is 
zero except when p + q = n in which case it is infinite. 



1. Introduction 

Let D be a C°°-smoothly bounded domain in C" (n > 2). For p € D, let G(z,p) be the Green function 
for D with pole at p associated to the standard Laplacian 

d 2 



1=1 

tin 



dzi&Zi 



on C™ rj R . Then G(z,p) is the unique function of z 6 D satisfying G(z,p) is harmonic on D \ {p}, 
G(z,p) ~ > as z — > 3D and G(z,p) — \z — p\~ 2n+2 is harmonic near p. Thus 

A(p)=lim {G(z,p)-\z-p\- 2n + 2 ) 

exists and is called the Robin constant for D at p. The function 

A : p ->• A(p) 

is called the Robin function for D. 

The Robin function for D is negative, real analytic and tends to — oo near 3D (see [10]). Further, if D 
is pseudoconvex then by a result of Levenberg- Yamaguchi ([7]), log(— A) is a strongly plurisubharmonic 
function on D. Therefore 

J 2 a 2 iog(-A) J ^_ 

dS = 2^ — ^ ^- « z a ® ^ 

is a Kahler metric on D which is called the A-metric. Recall that the holomorphic sectional curvature of 
ds 2 at z £ D along the direction v € C n is given by 



R{z,v)- aM& 



where 



a ^ s dz^dzs 9 d Zl dz s 
are the components of the curvature tensor, 

d 2 log(-A) 

9a ' 3 ~ dz a &z p 

are the components of ds 2 and g a/3 are the entries of the matrix (g^)^ 1 - In the above formulae, the 
standard convention of summing over all indices that appear once in the upper and lower position is 
being followed. 

Now, let v be a vector in C". At each point z £ 3D, there is a canonical splitting C™ = H z (dD) © 
N z {dD) along the complex tangential and normal directions at z and hence v can uniquely be written 
as v = vh{z) + vn(z) where vh{z) E H z (dD) and Vn(z) € N z (dD). Also, the smoothness of dD implies 
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that if z € D is sufficiently close to dD, then there is a unique point ir(z) G dD that is closest to it, 
i.e., d(z,dD) = \z — 7J"(z)|. Therefore, v can uniquely be written as v = vh{t^{z)) + vn(tt(z)). We will 
abbreviate Vh{tt(z)) as vh(z) and vn(tt(z)) as vjv(z). For a strongly pseudonconvex domain D, the 
boundary behaviour of R(z, vn(z)) was calculated in [TJ in a special case, viz., when z — > zq € 9-D along 
the inner normal to 91? at Zo- The purpose of this article is threefold. One, we remove the restriction 
that z — > zo along the inner normal in obtaining the boundary behaviour of R{z, vn(z)). More precisely, 
we have the following: 

Theorem 1.1. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C™. Fix zq G dD 
and let v G C". Then for z G D 

lim R(z,v N (z)) = -. 

z— >zq n — i 

To understand the difficulty in the computation, let us assume without loss of generality that z$ = and 
the normal to dD at zq is along the 3?z„-axis. Let {z v } be a sequence of points in D converging to 0. 
Without loss of generality, let us assume that the distance between z v and dD, denoted by <5„, is realised 
by a unique point 7r(z„) G dD, i.e., 

8 V = d{zu, dD) = \z v - n{z v )\ 

for all v > 1. Now for each v, apply a translation r v to D followed by a unitary rotation o~ v to obtain a 
new domain D u so that n(z v ) G dD corresponds to 6 dD v and the normal to dD v at is along the 3?z„ 
axis. We will denote the composition o~ u o r u by 9 V . Note that under the map 6 V , z v G D corresponds to 
p v = (0, . . . , —5 V ) e D v and 

^(^)ujv(^) = (0, ...,0,\v N (z u )\). 
Therefore, by the invariance of the A-metric under translation and unitary rotation [TJ lemma 5.1], 

(1.1) Rd{z u ,vn{zu)) = Rd v (p v , (0, . . . ,0, \v N (z v )\)\ 

1 / d 2 g uri n , . ^ da ( \ ^9vria , n dg v /3j 



-w+ > , 9 r(^)^(^) : 



where 

(1-2) 9 va p 



9unn{Pu)Y\ d ^ dz n " " " dz n " dz % 

5 2 log(-A„) 



dzndz, 



are the components of the A-metric ds 2 on D v and g^ arc the entries of the matrix (g ua jj) 1 ■ To compute 
the limit of the right hand side of (|1.1[) we have to find the asymptotics of the metric components g vo ^ 
and their derivatives along the sequence {p v }. From (jl.2D . it is natural to hope that this can be achieved 
by computing the asymptotics of h. v and their derivatives along {p v }. To be more precise, let xp be a 
C°°-smooth function on C n that defines the domain D and dip(0) = (0, . . . , 1). Then for each v > 1, 
%[)„=%[) o O^ 1 is a C°°-smooth defining function for D v . Also, it is evident that {ipv} converges in the 
C°°-topology on compact subsets of C™ to i/j. We then want to compute the rate of growth of 

D^Kip.) = dzT .X^...d-zt iPA A = {ai ' ■ • ■ > an) ' B = {PU -- M£ N " 
in terms of ip v (p u ). In this regard, we prove the following: 

Theorem 1.2. Let D be a C°° -smoothly bounded domain in C" and let if) be a C°° -smooth defining 
function for D defined on all of C". Let {D u } be a sequence of C°° -smoothly bounded domains in C" 
with defining functions ip„ that converge in the C°° -topology on compact subsets o/C" to ip. Let p v G D v 
be such that {p v } converges to po G dD. Define the half space 



n 

n = {w G C" : 231 ( ^(Po)^a) - 1< 0} 



a=l 

and let A-^ denotes the Robin function for H. Then 

(-IjlAI+lBlu^^^^^-a+iAi+ifli ^ d ab Ah(po) 



as v — > oo. 
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We will show in section 6 that the asymptotics obtained in the above theorem suffice to calculate the 
limit of the first term of (11.11) . However it turns out that the second term remains indeterminate by these 
asymptotics. This means that in order to calculate this term we need finer asymptotics of A v and their 
derivatives. A similar situation was handled in [T] by using the following result of Levenberg-Yamaguchi 
[7]: The function A defined by 

' K{p){^{p)) 2n - 2 ■ iip^D 
-\dip{p)\ 2n - 2 ; iipedD 



(1.3) A(p) 



is C 2 up to D. We will call A the normalised Robin function associated to (D, ip). Thus it is expected that 
finer asymptotics of A u and their derivatives along {p u } could be obtained if the functions X u = A v ip v and 
their derivatives along {p u } are bounded. While A„(p„) converge to X(po) by theorem 1.2, we establish 
the convergence of first and second derivatives of A„ along {p u } in the following: 

Theorem 1.3. Under the hypothesis of theorem 1.2, we have 

(1) lim ^-(pu) = -i~~(Po)> and 

u^oc dp a Op a 

/~\ d 2 X v . . cP"X . i 

(2) lim — — ^ ijpv) = 7r ^—(po). 

where X is the normalised Robin function associated to (D,?p) and A„ is the normalised Robin function 
associated to (D v ^ v ). 

We remark that unlike the Bergman, Caratheodory and Kobayashi metrics, the A-metric is not in- 
variant under biholomorphisms in general. For an example we refer to pQ. The only information in this 
respect that we have is that any biholomorphism between two C°° -smoothly bounded strongly pseudo- 
convex domains is Lipschitz with respect to the A-metric. This follows from [TJ theorem 1.4]. Despite this 
drawback, we put our effort to explore this metric by finding its various properties analogous to those 
possessed by these invariant metrics. The second theme of this article is to study the existence of closed 
geodesies for the A-metric of a given homotopy type. In [5], Herbort proved that on a C°°-smoothly 
bounded strongly pseudoconvex domain D in C" which is not simply connected, every nontrivial homo- 
topy class in tti(D) contains a closed geodesic for the Bergman metric. Using the asymptotics of the 
A-metric derived in pQ we prove the following analogue for the A-metric: 

Theorem 1.4. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C ra which is not simply 
connected. Then every nontrivial homotopy class in t^i(D) contains a closed geodesic for the A-metric. 

Let D be C°°-smoothly bounded strongly pseudoconvex domain in C™. H. Donnelly and C. Fefferman 
[3] proved that D does not admit any square integrable harmonic (p, g)-form relative to the Bergman 
metric except when p + q = n, in which case the space of such forms is infinite dimensional. A more 
transparent and elementary proof of the infinite dimensionality of the L 2 -cohomology of the middle 
dimension was given by Ohsawa 0. In [3], Donnelly gave an alternative proof of the vanishing of the 
I/ 2 -cohomology outside the middle dimension using the following observation of Gromov [5]: If M is a 
complete Kahler manifold of complex dimension n such that the Kahler form uj of M can be written as 
lo = dr), where 77 is bounded in supremum norm, then M does not admit any square integrable harmonic i 
form for i ^= n. Finally, we observe that these ideas can be applied to the A-metric to prove the following: 

Theorem 1.5. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C". Let H^iD) be 
the space of square integrable harmonic (p,q)- forms relative to the A-metric. Then 



dim^rp) 



tf p + q^ n, 
if p + q = n. 



Acknowledgements : The author is indebted to K. Vcrma for his encouragement, precious comments and 
various helpful clarifications during the course of this work. 

2. Properties of A 

Let D be a C°°-smoothly bounded domain in C n with a C°°-smooth defining function ip defined on all 
of C™. In this section, we recall some basic properties of the normalised Robin function A associated to 
(D,ip). We start by describing the geometric meaning of X(p). Given p £ D, let 

T : D x C™ -)• C" 
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be the map defined by 

(2.1) T(p,z)= Z "" 1 ' 



(2.2) D(p) 



ip(p) 
Set 

T(p,D) ; if peD, 

{ W £C":23fi(^™ =1 Va(p)wa)-l<0} ; if p e 3D. 

Thus {D(p) : p £ D} is a family of domains in C n each containing the origin. When p g D, D(p) is the 
image of D under the affine transformation T(j>, •) and hence by (101 proposition 5.1], we have 

A D(P) (0) = A(p)^( P )) 2n - 2 = A(p). 
When p € <9D, -D(p) is a half space for which we have the explicit formula [TJ (1.4)] 

A D{P) (0) = -\d^{p)\ 2n - 2 = A(p). 

Thus for eachp g Z3, A(p) is the Robin constant for D(p) at the origin. We will denote the Green function 
for D(jj) with pole at p by g(jo, w). 

To discuss the regularity of the function A(p) on D, we set 

V = U peD ( Pl D(p)) = {(p,w):p£D,w£D(p)}. 

The set D can be considered as a variation of domains in C™ with parameter space D, i.e., as a map 

T> : p -> D(p) 

which associates to each p £ D a, domain £>(p) C C n . We call D : p D(p) the variation associated to 
(D,ip). The following function 



(2.3) f(p,w) 



was constructed in [7] which is jointly smooth on C™ x C™ and satisfies, taking D = D x C™, 

(i) D = {(p,w) e D : /(p,w) < 0}, 3D :={(p,w):peD,we dD{p)} = {(p,w) € D : /(p,w) = 0} 
and Grad( P:tlI )/ ^ on 3D, 

(ii) For each p e D, D{p) = {w € C n : /(p,iu) < 0}, 3D(p) = {w £ C™ : /(p,io) = 0} and 
Gradu,/(p,w) ^ on 3D(p). 

Therefore, we say that the variation D : p — > D(p) is smooth and is defined by f(p, w). It is evident that 
the variation 

D U dD : p -> D(p) U &D(p) = S(p) 

is diffeomorphically equivalent to the trivial variation D x D. It follows that g(p, w) has a C 4 extension 
to a neighbourhood of D \ D x {0}. Now fix a point po £ D and let -B(0, r) C D(po). Then there exists 
a neighbourhood L7 of po in 13 such that 5(0, r) C -D(p) for all p £ U. Since g(p,w) — \w\~ 2n+2 is a 
harmonic function of w € D(p) and is equal to X(p) when w = 0, we obtain by the mean value property 
of harmonic function 

KP) = _,„_*_ / fa(p,«) - M" 2n+2 ) dS w 

g(p,w) dS w 



( ., 4) ^ V 2W 9B (0,r) 



where by dS* we denote the surface area measure on a smooth surface in R 2 ™ and a^n be the surface area 
of dB(Q, 1). It follows that A(p) is smooth on U and thus on D. 

Now let 1 < 7 < n. Observe that for each p £ D, the functions 



9 / \ <9 2 g 
■£—(P,w), (p,w) 
dp 1 op-fdp 



are harmonic in all of D(p) and 



3g ^ ^ = 9A <9 2 g , = d 2 A 
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To find the boundary values of these functions in terms of /, consider the quantities kj and k\ 



(2.5) 

where 

(2.6) 



df i i-i 

k{(p,w) = —(p,w)\d w f(p,w)\ and k^(p, w) = C'f{p, w) \d w f(p, w) \ 



d 2 f 



>p \dpj ^— ' aw a dw a dp. 



df d 2 f 



dp 1 dp, 





df 




dp 1 



defined wherever d w f(p,w) > 0, thus, in particular on 

dV = U peD (p,dD{p)). 

Note that on dD, the quantities kj and kj are independent of the defining function / for D. Since 
g(p,w) > on D, g(p,w) — on dD and \d w g(p,w)\ = —\-§^-{p,w) > on dD, we can use —g(p,w) as 
a defining function for D and hence 

dg 



dp. 



-(p,w) = -kj(p,w)\d w g(p,w)\ 



and 



Cg{p,w) = -k^(p,w)\d w g(p,w)\ 3 

for all {p,w) € dD. Since g(p,w) is of class C 4 up to dD(p), A w g(p,w) — for w £ dD(p) and hence 
from 



dp~ i dp 1 



- _I.T 



9 2 3 



9g n dg 
dp-, \ ^ ffu7 Q 

|9«;Sf| ^ dw a dp, 
d 2 g 



-kZ\d w g\-2Vt(klJ2 ri 



for to G dD(p). We summarize this in the following 

Proposition 2.1. T7ie function g(p,w) is smooth upto D U 3D = {(p,w) : p £ D,w £ D(p)}. If 

1 < 7 < n and p £ D , then 

(1) -§^-{p) is a harmonic function of w £ D(p) with 

dg . Q , _ d\ 
dp 1 ' dp 1 



and with boundary values 

dg 



dp. 



(P,w) = -ki(p,w)\d w g(p,w)\, w £ dD(p), 



(2) JL (p) is a harmonic function of w £ D(p)with 



d 2 g 
dp 7 dpp 



d 2 X 
dp 7 dp^ 



-ip) 



and with boundary values 



d 2 g 



dp 1 dp 1 



i —(p, W ) = ~kl(p,w)\d w g( Pl w)\-2M(kl(p,w)J2 dV ' 



\d w g(p,w)\ dw a dp 1 



— (p,w)\, w £ dD(p). 



To this end, it was proved in [7] that g(p,w) is C 2 up to {(p,w) : p £ D,w £ D(p)} by deriving the 
following estimates: there exists a constant C independent of p £ dD such that 



(2.7) 



kj(p,w)\ < C\w\ 2 
k](p,w)\<C\w\ 3 
d w g( P ,w)\<C\w\- 2n+1 



d 2 g 



dw a dp-y 



< C\w\ 



-2n+2 



for all to £ dD v with \w\ > 1. Moreover, the derivatives J^- and g ® ^- are given by the following 
variation formulae: 
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Proposition 2.2. Let 1 < 7 < n. Then for p 6 D and a € D(p), 

(2.8) |g_(p, g) - 1 / fc7(p, W )|^ g (p, W )| 9g ° (P ' w) rfg M 



(/// 



/i (P: a) = ^7 — — / fc 2 (p> ^)l^g(p, w)l 9g °^' 

op 1 ap 1 2(n~ l)a 2n JdD(p) on w 



JdD(p) \o w g(P,w)\ dw a dp dn w 



(n — l)er 2n a=1 JdD(p) \"wv\ri — <*~r 7 

where g a {p, w) is the Green function for D(p) with pole at a. 

We note that for p £ D, the above formulae are consequences of proposition 12.11 For p £ dD, these 
formulae were obtained in [7] by finding 

lim 7T-(<li a ) and lim ® 9 (q, a). 

D3q^p Up 1 D3q^p ap 1 ap 1 

A particular case of this proposition is the following: 
Proposition 2.3. Let 1 < 7 < n and p £ D. 

(2-10) J^.(p)= 1__ /" k J M \ dw g M i?i^ d S w 

dpy 2(n - l)a 2n J dD( P ) on w 

and 

(2.11) -g^(p)= 1 / fc7(p ;W )|^ 5 (p,C)| 2 ^ 



— — 5ft ]T / fc7(p,«;) 

lj0-2n ^lJdD(p) 



(p,w)- — (p,w) dS u 



(n-l)a 2 „ ^ 1 JdD(p) ' \d w g(p,w)\ dw a dp y ' On 

We now consider a sequence {-D„} of C°°-smoothly bounded domains in C" with C°°-smooth defining 
functions ?/v such that {V>i/} converges in the C°°-topology on compact subsets of C to V- In other 
words, {-D„} converges in the C°°-topology to D. Another commonly used terminology for this is that 
the sequence {D v } is a C°°-perturbation of D. This implies, in particular, that D v converges in the 
Hausdorff sense to D. Now for each v > 1, consider the scaling map T v : D v x C" — » C" defined by 

T v {p,z) 



D v {p) = 



and the family of domains {D„(p) : p £ D v } defined by 

r T v {p,D v ) ; \ip£D v , 

{w£ C : 2SR(£r=i^iOH) -K0} ; ifpeftD. 

The normalised Robin function A„(p) for (D v ,ip v ) is then the Robin constant for D l/ {p) at 0. We will 
denote the Green function for D v with pole at by g„(p,w). Also, let 

T> v =U p &D„(p,D v (p)) = {(p,w) :p£D v ,w£ D u (p)} 

be the variation associated to {D v , ip v ) and let 



Xjy (™ a (ipv) a {p-Mp)tw))dtj 



1. 



Then f v (p,w) is a smooth function on C n x C n that defines the variation D„. It is evident that the 
functions f u (p,w) converge in the C°°-topology on compact subsets of C x C" to the function 



{n „i 
V / (w a ^ a (p-^{p)tw))dt 
a =i J o K ' 



f(p, w) = 2R| 2^ 7 ( p - i>(p)tw) )dt\-l 

which defines the variation D associated to (D,ip). 
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Now let p v £ D v be such that {p v } converges to p £ 3D. For brevity, we let 

T v (z) = T v {p u , z) = " , 

-VvVPu) 

(2 - 13) D" = D v (p v ) = T"(D„), and 



'(w) = 9u(pu,w). 

i t i << „, << ^ ^^„<.;t;^v, ITT1 , 



Thus g v (w) is the Green function for D" with pole at 0. Let 1 < 7 < n. By proposition l2.il fjpCpiV 



is a harmonic function of w £ D v with boundary values 

(2.14) -k^{w)\d w g v {w)\ 
where 

(2.15) kP(w) = kj v {w) = ^{p^w^Uip^wT 1 . 

dp 1 

Similarly, dp |= (p^, it?) is a harmonic function of u; £ D y with boundary values 

(2.16) -^(p,, W )=-fc7Hi^Mi-2^ffcrNE i^l\R d \ <*»> w ))> wedD " 

op 1 dp 1 V ~( |o^5 y (w)| ow a dp 1 J 

where 

(2.17) £^ 7 H = ^/.(p,^)!^/,^,^)!- 3 

and £ 7 is defined by (|2.6I) . We want to conclude this section by finding uniform bounds for the functions 
k'P (w) and k^iw) near the boundary of dD v which will be required to estimate the boundary values 
(|2.14j) and (|2.16l) in section 4 and 5. For < r < 1 let £ "(r) be the collar about dD v defined by 

£"(r) = U WoE dD"{w £ D v : \w - w \ < r\w \}. 

Note that £ v (r) lies in D v and £ (r) does not contain the origin. Similarly, let £ v {r) be the collar around 
dD v defined by 

£u(r) = ^z a edD u {z £ D v :\z- z \ < r\z a -p v \}. 
Note that £ v {r) lies in D v and does not contain the point p v . Also, note that 

(2.18) £ v (r) = (T u )- 1 (e"(r)). 

Lemma 2.4. There exists a constant m > 0, a number < r < 1, and an integer I such that 

\dwU{Pu,w)\ > m 

for all v > I and w £ £ v (r). 

Proof. Choose a 5- neighbour hood U of dD i.e., 

U = {z £ C n : d(z,0Z>) < <5} 

and a constant m > such that |0 - )/'(?')l > 2m for p £ U. Since ch/v converges uniformly on [/ to 9^, 
there exists an integer / such that 

(2.19) \d^(p)\>m 

for v > I and p £ U. Modify the integer I so that dD v C N(5/2) for all v > I. Since p„ — > po S <9-Dj 
without loss of generality let us assume that p v £ U for all v > I . Now define 

_ 6 
T ~ 35 + 2diam(L>) ' 

Then it is evident that 

(2.20) £ u (r) C U 

for v > I. Now fix v > I and w £ £ v (f)- If we define z = T^w = p v — tp,y(p^)w then, by (|2.18p 

z £ £ v {r) C U. 

From (|2~T2l) . 

\d w fi,{pu,w)\ = \dip v (z)\ > m 
by (l2"T5D . □ 

We now modify step 4 of chapter 4 [7] to obtain the following estimates: 
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Lemma 2.5. Let r and I be as in lemma\2J{\ Then there exists a constant M > such that 



(i) 
(ii) 
(iii) 
(iv) 
(v) 



i) \(df v /dw a ){p v ,w)\ < M, 
i) \{3fJd Pl ){ Pvi w)\ < M(l + IH-^M 2 , 
i) \(d 2 f„/dw a dw )(p„,w)\ <M\w\~\ 
f) \(d 2 f v /d Pl dw a ){p v ,w)\ <M(l + \w\~ 1 )\w\ ; 
i) \{d 2 f v /d Pl d Ptl ){p v ,w)\<M(l + \w\- 1 + \w\- 2 )\w\\ 
for all v > I and w £ E v (r). 

Proof. Let U be as in the proof of lemma l2~4l and choose R > such that U C B(0,R). Since {ip v } 
converges in the C°°-topology on compact subsets of C" to ip, we can find a constant Mi > such that 
ipi i^ut v > 1) an d their derivatives of order up to two are bounded in absolute value by M\ on B(0, R). 

Now let v > I and let w 6 £"(r). Then we have 

(2.21) p v -^ u (p v )tw€B(0,R), 0<t<l. 

Before proving this, note that this implies in particular that ip„ and its derivatives of order up to 2 are 
bounded in absolute value by Mi at the points Pu — ipv{ P v)tw for all < t < 1. Now to prove (|2.21l) . let 
< t < 1. Let 

z = T~ x w = Pv - %j} v {p v )vi. 
Then by (j2"Tg)l z e £ u (r) and hence by (j2T2"0)) . zeU. Now 

P v - ~4>v{pv)tw = Pu + t(z - p„) = (1 - + tz £ B(0, R) 
as Pu ,z e [7 c 5(0, i?). 

(i) Differentiating (|2.3[) with respect to w Q under the integral sign, we have 

df 



dw. 



-{ P ,w) = 4> a ( P - ip( P )w), p,weC 



Hence for v > I and w £ £ v (r), 



df v 



dw a 



(p v ,w) = \tj) va {pu - il) v (p v )w) \ < Ah. 



(ii) Differentiating (|2.3|) with respect to Pl under the integral sign, we have 

n „i 



df_ 

d Pl 

Observe that 
d 
d Pl 

Therefore, 



i d d 

(Pi w ) = Yl J -Q^-\W a ^a{p- 1p(p)tw)j + —(W a lj}a(p- 1p(p)tw)^j dt, 



P ,WE C n . 



n 

{w a ^>a{p - 1p{p)tw)j = W a 1p-y a ( P - 1p(p)tw) - 2^ 7 (p)jft ^ WjWglpia ( P - 1p(j))tw) . 



(2.22) - — ( p , w ) = y2 (w a ip ia ( P - if)( P )tw) +w a i> 1 a{ P -^{p)tw)\ dt 

Pl q=i"'0 v ' 

WiW a lpi a ( P - 1p(p)tw) + WiW a ipia( P ~ 1p( P )tw) 



tdt. 



Hence, for v > I and w € £ u {r), 
dfu I ™ f 1 

-^-(pviw)] < / \w a \\ip u ^ a ( Pv - ip v { Pv )tw)\ + \w a \\4>v~ f a( P L> -ip v { Pv )tw)\dt 



+ 2\l/) v7 (p 1/ )\ V] / IWiHWal^m^ - 1p v {p v )tw)\ + \WiWWa\lpuiaiPu ~ 1p v (p v )tw)\t dt 

< / 2\w\^/nMidt + 2Mi^2 / 2 I 
Jo „•_-, Jo 



< 2^/nMx\w\ + 2n 3/2 (Mi 



^2L,.|2 



^^^(l + lu;!- 1 )^! 2 
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where M 2 = 2n 3 ^ 2 (M 1 ) 2 . 

(iii) Differentiating (j2.3[) with respect to w a under the integrai sign, we have 

Of 

Q—(p,w) = -ip a (p-'if)(p)w), p,weC n . 

Differentiating this equation with respect to , 

d 2 f 

Let v > I and w € £ v (r). Let 

z = T~ x w =p v - tjj v (p v )w. 
Then by (|2T2"Tj) . z € B(0, R). Now we have 



d 2 f v 



-ipu,w) < |Z , P- \ip» a p(z)\ < 2RM 1 \w\- 1 = M3H- 1 



dwpdw a ' |io| 

where M 3 = 2RMi. Finally differentiating (|2.22|) . we obtain (iv) and (v). □ 

Proposition 2.6. There exist < r < 1, a constant C and an integer I such that 

(1) \kP{w)\ < C(l + M^M 2 ; and 

(2) < + M- 1 + M- 2 )M 3 

/or all v > I and w G £ (r). 

Proof. Let 0<r<l, m>0 and / be as in lemma 12.41 Choose M as in lemma 12.51 Then from (|2.f 51) 

l*r(«OI = l^(p*,«0 lau./v^.tu)!" 1 < — (1 + H- x )H a 

for v> I and u> £ £ v {r). Also, since £ V (r), the function 

KMKi + krTVr 2 

is continuous up to £ "(r) and hence (1) follows. 
Similarly, from (|2~T71) 

l*2(w)| < — sY M(l + Iw]' 1 + \w\- 2 )\w\ 3 M 2 + 2nM(l + Itol-^ltopAfMri + litfl -1 )!*!?! 
///•' V 

+ (Af(l + \w\- 1 )\w\ 2 ) a nM\w\- 1> \ < £7(1 + + \w\~ 2 )\w\ 3 
for some constant C whenever v > I and w € £ v {f). Again the function 

|A£M|(1 + \w\- 1 + \ W \- 2 )- 1 \w\- 3 
is continuous upto £ (r) and hence (2) follows. □ 

3. ASYMPTOTICS OF A„ 

In this section we prove theorem 1.2. First, we recall the following stability result from pQ. 

Proposition 3.1. Let D be a domain in C n with C 2 -smooth boundary and let {Dj} be a C 2 - perturbation 
of D. Let G(z,p) be the Green function for D with pole at p and let A(p) be the Robin function for D. 
Similarly, let Gj{z,p) be the Green function for Dj with pole at p and Aj(p) the Robin function for Dj. 
Then 

lim Gj(z,p) = G(z,p) 
uniformly on compact subsets of D\ {p} and 

lim D^Ajip) = D A ^A{p) 

uniformly on compact subsets of D. 

For a proof see [TJ proposition 7.1, propostion 7.2]. This proposition, together with [7J proposition 5.1] 
yields the following boundary behaviour of the functions Gj(z,p). 
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Corollary 3.2. Let D be a domain in C" with C 00 -smooth boundary and let {Dj} be a C°° -perturbation 
of D. Let Zj G Dj be such that {zj} converges to a point Zq G dD. Then for any p G D, 

lim Gj{zj,p) = G{z ,p) 
and identifying z = (z\, . . . , z n ) G C" with x = [x\, . . . , X2n) G R 2n . 

forl<k< 2n. 

Proof. Since the Green function is invariant under translation and rotation, without loss of generality, 
we assume that zq = and the normal to dD at zq is along xm axis. By the implicit function theorem, 
we can find a ball B(0,r), a C°°-smooth function <f> defined on B(0',r) C R 2 " -1 , a sequence {<fij} of 
C°°-smooth functions defined on B(0',r) that converges in C°°-topology on compact subsets of B(0',r) 
to 6 such that 



(3.1 



\B(0,r)ndD = {(x',(f>(x')) : x' G B(0',r)}, 
\B(0,r)ndDj = {(x',4>j(x')) : x' G £(0',r)}. 

Now let p £ D. Shrinking r if necessary, let us assume that 2r < \p\. Then for z G -B(0, r) n Dj, 

(3.2) Gi(z,p) < |z-p|- 2n+2 <r- 2 "+ 2 . 



Consider the dilation 

and set 

Define 

and 



Z = Sz = - 
r 



Q = S(B(0,r) n D), Qj = S(B(0,r)nDj) 
u{Z) =r 2n - 2 G(z,p), Zen, 



Uj{Z) =r 2n - 2 G ] {z,p), Zeflj 

Then by (|3.1|) , (|3.2p and in view of proposition 13.11 the sequence {uj} on {fl,} satisfies the hypothesis 
of [7J proposition 5.1] and therefore 



lim^oo uj(Zj) = u(0), 

^ 00 ^(z j ) = mo). 



where Zj = Szj. This implies that 



\]haj^. 00 Gj(zj,p) = G(0,p), 
\Hm^ oo gfe,p) = ^(0 ) p). 

□ 

Proof of theorem 1.2. Consider the affine maps T v : C" — > C" defined by 

and the scalled domains D v = T' / (D V ). Recall from the previous section that a defining function for D u 
is given by 



f„{p u ,w) = 23? j J \w a ip va [p v - %l) v {p v )tw)jdt | - 1. 
It is evident that {fv{pv, •)} converges in the C°°-topology on compact subsets of C™ to 

n 

f(po,w) = 2&Cy]ip a (po)w a ^ - 1. 
This implies that {D v } is a C°°-perturbation of the half space 

n 

n = {w.2^J2 Mpo)w a ) - 1< o}. 
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Therefore, by propositioii l3.il 

(3.3) lim D A5 Ai>w(0) = £ a3 A«(0). 

Now by [B (1.1)], 

K D u (p) = k„(p v - pip„{p v )) (ip v (p)) n 2 

Differentiating this we obtain 

d a *a d „(o) = (-i)^+i B iiy lB A,(p I/ )(^(p,)) an - a+|A|+|B| . 

Hence from (|3.3I) . 

lim ^(-l)l^l+l B I^A l/ ( Pv )(^(p„)) 2n " 2+|A|+|B| =J D A3 A«(0). 

I/— >oc 

which completes the proof. □ 



4. Estimates on the first derivatives 



Lct 1 < 7 < n. By proposition l2.il ^-{p v ,w) is a harmonic function of w € D", 



and 



(4.1) ^dv 1 «') = -*r(«')IVHI ) 

Therefore, 

(4-2) ^(p„) - 1 / fcrH|9»fl"H|^H^. 

Thus to find the limit of the above integrals, we need to estimate the boundary values (|4.1|) . For this we 
modify Step 3 of chapter 4 [7] . 

Lemma 4.1. There exists a number < p < 1 and on integer I such that for v > I and wq G dD v ' , we 
can find a ball of radius p\wo\ that is externally tangent to dD v at wq. 

Proof. Since D is bounded, we can find a ball B(0, R) which contains D. Since {D u } converges in C 2 - 
topology to D, there exists an integer / such that D v C B(0,R) for all v > I. By implicit function 
theorem, there exists a number p such that modifying / we can find for each v > I and zq £ dD Vl a ball 
of radius p that is externally tangent to dD v at zq. Now let v > I and wq £ dD v . Since D v is obtained 
from D v by means of a translation followed by dialation of factor —ip v (p u ), it follows that we can find a 
ball of radius p/( — Vv(Pi/)) that is externally tangent to dD v at wq- Also there exists zq € dD v such 
that 

zo - Pu 
-WvYPv) 

which implies that 

P P\wq\ . p | , 



-4>v{Pv) \zO~Pv\ ~ 2i? 

Thus taking p = p/2R, it follows that the we can find a ball of radius p\wo\ that is tangent to dD v at 
io . □ 

Proposition 4.2. There exists an an integer I and a constanct C > sweft that 

\d w g v (w)\ <C\w\- 2n+x 

for all v > I and w € dD" . 

Proof. Choose < p < 1, an integer / and a constant C as in lemma I4TT1 Let v > I and tuo € dD v ' . Let 
_B be the ball of radius p\wo\ that is externally tangent to dD v at wq. Let E 1 be the ball centred at wq 
and of radius p|iUo|- Then w £ E implies that 

\w\ > \w \ - p\w \ = (1 - p)\w \. 

Therefore, for w G E n £>", 

o < <?'» < | W r 2 "+ 2 < ((i - P )Kir 2n+2 . 
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By step 2 of chapter 4 [7] , we have 

IVWI < c((i - pJKD'^CpKI)- 1 

where c does not depend on g v (w) or D". Thus 

|£W> )| < CKl-*^ 1 , 

where C = cp _1 (l — p)~ 2,i+2 is independent of v and u>o G 9-0". 
Proposition 4.3. There exists a constant C > and an integer I such that 

^(Pu,w)\ = \kr(w)\\d w g»(w)\ < C(l + IH-^H-*^ 8 , «; € M>" 

/or aH v > I . 

Proof. By proposition 12.61 there exists a constant C and an integer / such that 

|fci 7 HI <c(i + IH _1 )IH 2 > 

for all v > I. In view of proposition 14.21 we can modify the constant C and the integer / so that 

\d w g u {w)\ < C\w\- 2n+ \ w G dB v 

for all v> I. Hence, from (|4.1D . 



□ 



for all v > I. 



□ 



Proposition 4.4. Inn — — (p„) = — — (po)- 
u-*oo dp 7 ap 7 

Proof. In view of proposition 12.31 we have to prove that 



(4.3) lim 



1 



oo 2(n - l)cr 2 n Jac 



k^(w)\d w g»(w)\^(w)dS. 

on,. 



1 



2(n - l)a 2n 



<m 



dg 

kj (p , w) \dg(p , «;) | (p , u0<2& 



where H = D(p ). Let i? > 1. Then the boundary surfaces B(0,R) H converge to B(0,R) n "H 
continuously in the sense that the unit normal vectors 

d w g u (w) dg(p ,w) 



\d w g"(w)\ \d w g(p ,w)\ 

uniformly on compact sets, except at the corners B(0,R) (1 dD u . Also, if w v G dD v and {w v } converges 
to w° G &H, then by definition 



(4.4) 

and by corollarv l3.2l 
(4.5) 

for 1 < a < n. Hence, 
1 



(4.6) lim 



B(0,R)ndD» 



lim kfivf) = kj(p 0l w°) 

v—too 



V d 9 V / i> \ 99 i On 

hm - — (w ) = - — (po,w ) 
v-hx aw a aw a 



k v 1 \w)\d w g v {w)\^{w)dS. 

on,,, 



kl(po,w)\dg(po,w)\-g—(po,w)dS. 



2(n — 1)<72„ JB(0,R)ndU 

To esitmate these integrals outside the ball 5(0, R), note that by proposition 14.31 there exists a constant 
C and an integer I such that 



kP(w) \\d w g v {w)\ < C\w\ 



-2n+3 



w G 3D", \w\ > 1 
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for all v > I. Therefore, 
1 



(4.7) 



2(n - l)a 2n J B 



= (0,R)ndD" 



k^(w)\d w g»(w)\^(w)dS. 

on w 



< CR- 2n+3 



for all v > I. Since 



2(n - 1)<7 2 „ JdB°(Q,R)ndD" ^ ® n t 

dg v 



I (-?r-W)dS w < [ (-^(w))dS w = (2n-2)a 2n , 

JdB'(0,R)ndD" V C n C ' JdD" V an w ' 



we have from (14.71 



(4.8) 



2(n - l)(T 2n J B 



= (o,fl)nOD^ 



1 <9n„ 



= 0(iT 2 ™+ 3 ) 



uinformly for all v > I. By (|2.7I) . we can modify the constant C so that 



\kJ(p ,w)\\d w g( Po ,w)\ < C\w\-' n+s , we&H,\w\ > 1 



and as above we obtain 
1 



(4.9) 



/> 7(Po, w) | d w g(p , w) | (tu) dS, 



2(n - l)o2„ j B"(o,R)ndn 
Now (O follows from g^]), (gSJ) and flU). 

Remark 4.5. Note that the arguments of this section also imply that for any a eH 



0{R- In+i ). 



□ 



lim 7r i (p»> a ) = lim ^7 — ~n — / 

u-^oo Op-y V— ►oo Z(n — 1)<72„ JgD" 



k^ 1 (w)\d w g u (w)\^-^ L (p u ,w)dS, 
on w 



2(n - l)cr 2 „ Ja-H an w dp 7 

Moreover, by proposition 14.31 the functions ^-{p v ,w) are uniformly bounded on compact subsets of % 
for all large v. Indeed, let B(0, r) C H. Then B(0, r) C D" for all large v. It follows that 

for «; € and hence for w € Z?" by the maximum priciple. Therefore, {j^{Pv, a)} converges uniformly 



on compact subsets of H to -§^-(po, a) 



5. Estimates on the second derivatives 
By proposition 12. 11 (pu, w) is a harmonic function of w E D u , 



dp 1 dp 1 



d 2 \ u 
dp 1 dp 1 



and 



dp 7 dp 7 
Therefore, 



32 / " M-(w) rPn 



-f x \d w g"(w) \ dw a dp^ 



(5.2) 



d 2 K 
dp 7 dp 7 



(Pu) = 



1 



, k^w)\d w g"(C)\^(w)dS v 
2{n - 1)(T2„ J dD » on w 



(n-1) 



|9 u ,5 ,y (w)| dw a dpJ yPu,W ^ dn w W dSu 
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By similar arguments as in the previous section 

(5.3) lim - 1 / k»(w)\d w g»(C)\^(w)dS u 

v^oo 2{n - 1)<7 2 „ J dD » dn w 



' k 2 {po,w)\d w g{pQ,w)\-^-{w)dS u 



2(n- l)a 2 n Jan cm* 
where % = D(po). Thus we only need to find the limit of the second integrals. This requires to estimate 
the functions 

(5-4) 9 9 " (p v ,w) 

on dD u . Since tSt-{Pui w) is a harmonic function of it; € D" with boundary values 



fed*.*") 



(5-5) F v (w) = -kr(w)\d w g"(w)\ = \, \d w g" {w)\, 

to estimate (|5.4p . we need to estimate the derivatives of F u (w). This will be done by modifying Steps 2 
and 3 of chapter 5 [7] . 

In what follows we will identify the point z — (24, . . . , z n ) in C" with the point x — {x\, . . . X2n) in R 2 ™- 
Similarly w — (wi, . . . , w n ) and W — (Wi, . . . , W n ) in C™ will be identified with y = (j/i, . . . j/2n) and 
y = (Yi, . . . , >2n) in R 2n respectively. First, we note the following version of a tubular neighbourhood 
theorem: 

Proposition 5.1. There exist < r < 1 and M > 1 and an integer I such that for v > I and any 

zq = (x' ,Xo2n) in the neighbourhood 

(J {z + tn z : -r < t < r} 

of dD v , B(zo,r) n 8D V can be represented, after a rotation and translation of coordinates, in the form 
X2n = 4>{x') where 

(a) 4>{x') is smooth in B(x' , r) C R 2 ™ -1 with <f>(x' ) = X0211 — t, where t is such that zq = z^ + tn z * 
for some Zq £ dD u , and 

(b) all partial derivatives of <f> of order upto 6 are bounded in absolute value on B(x' , r) by M. 



Now fix r, M and / as in proposition 15.11 Modifying the integer /, if necessary, we may assume that 

d{p„,dD) < r 

and 

8D V d{z: d{z,dD) < r} 

for all v > I. This would imply that 

(5.6) \z v -p v \ < diam(£>) + 2r 
for v > I and z v G dD u . Now, choose < 77 < 1 such that 

(5.7) — ^— (diam(D) + 2r) < r. 

1 — 77 

Lemma 5.2. Let v > I and w v e D v \ {0} be such that 

{w e C n : \w - w v \ < 7]\w v \) n dD v £ 0. 
Let S v : C" — > C" be the affine map defined by 

w — w v 

W = S»{w) = \— 
r)\w u \ 

and set 

n u = S u ({w eC n :\w- w v \ < t}\w"\} n D v ^j = {\w\ < 1} n S V {D V ). 

Then we can find G ^({Y' : \Y'\ < 1}) with 

(1) {\W\ < 1} n dO? = {Y 2n = $> V {Y')}, and 

(2) \^s- <M fora=(a u ...,a n ) with \a\ < 6 if \Y'\ < 1. 
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Proof. Let 

z v = {T v y 1 (w v ) =p v - i> v {p v )w v 

and let 

K = (TT 1 ({w : |w - w v \ < = {z £ C" : \z - z v \ < r,\z v -p v \}. 

Then b v n dD v ^ and hence there is a point z v £ dD v such that 

\z v - z v \ < r\\z v - p v \ < r){\z v - z v \ + \z v - p v \). 

Therefore, 

(5.8) \z v -z v \ < -r— \zv-p v \< -t— (diam( J D) + 2r) <r 

1 — rj 1 — 77 

by (|5.6p and (|5.7I) and hence 

z v e [J + : -r < i < r}. 

zedD„ 

By proposition [5Tj B(z v , r) n d-D„ can be represented after a rotation and translation of coordinates 
the form x 2n — 4> v (x') where <j> v (x') is C°° on B(x' u ,r), 

(5.9) <t>u{x' v ) = x vQ -t v 
where 

(5.10) - t v = d{z v , dD v ) < r\\z v - p v \ 

and all partial derivatives of <$> v of order up to 6 are bounded in absolute value by M. The surface 

{(x',X 2n ) ■ X2n = 0i/(af')> W ~ x 'v\ < r i 
is mapped by S v o T v onto the surface 

{(F',y 2 „) : Y 2n = $ v (Y'),\Y'\ <R V } 
where, letting w v = (y v ',y 2n ), Pu = (p' u ,Pv2n) 

and 

t r 

R v = 



-4>v{Pv)ri\w' / \ r)\z v -p v \ 

But from IE 



Tj Tj 

rj\z v -p v \ < r\{\z v - z v \ + \z v -Pv\) < v(i \z v —Pu\ + \Zv -Pv\) = \z v -Pv\<r 

1 — rj 1 — rj 

so that R v > 1. This implies that 

{\W\ < 1} n dW C {{¥', Y 2n ) : Y 2n = 3> V (Y'), \Y'\ < R v }. 
By using the properties of </>„ and the explicit formula for above, it follows that 

{\W\ < 1} n dCF = {Y 2n = ^(Y 1 )} 

where £ C°°({Y' : \Y'\ < 1}) and satisfies 

(a) < $"(0) < 1 by (JES]) and ([5T0]) . and 

(b) \^-\ < M for all a = («!,•■■ ,a n ) with \a\ < 6 if < 1. 

Now we modify Step 2 of chapter 5 [7], to obtain the following uniform estimates: 

Proposition 5.3. There exists a constant C > and an integer I such that for 1 < i,j,k < 2n 

(1) \{dg v /d yi )(w)\ < C\w\- 2n +\ 

(2) \{d 2 g v ld yi d yj ){w)\ <C\w\- 2n , 

(3) \(d 3 g»/d yi d yj dy k )(w)\ < c\w\- 2n - 1 

for all v > I and w £ D \ {0}. 
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Proof. The proofs for (1), (2) and (3) are similar and so we prove only (1). Fix 1 < i < 2n. Suppose that 
(1) is not true. Then there exists a sequence {w^} such that w v G D v \ {0} and 



(5.11) 



lim 



®9 ( v\ I v\2n-\ 

—— (W ) \W \ =00. 



We claim that for all but finitely many v, 

B(w u ) = {w € C" : \w - w v \ < rj\w u \} 
intersects dD v . Indeed, suppose that B(w v ) H dD v = for some v. Then B(w v ) C D v and therefore, 

g v {w) < \w\~ 2n+2 < (1 - r!)- 2n+2 \w v \- 2n+2 , w G dB{w v ). 
Now, by Poisson integral formula, there exists a constant c„ > independent of v such that 



< 



(1-^-2^1 

But this can be true only for finitely many v by (|5.11D and hence the claim. Therefore, if we let 

n v = s v {b( w v ) n d v ) = {\w\ < i} n s v (d v ) 

then by lemma [S~2l we can find for all large v, functions $' y e C*°°({r' : < 1}) such that 

n" = {\w\ < i} n {r = (V, Y 2n ) ■. \y'\ < i,y 2n < $"(y')} 

and 

< M for all lal < N. if IF'I < 1. 

f)V a — ' 

Since M is independent of u, by the Arzela-Ascoli theorem, after passing to a subsequence, {$> v } together 
with all partial derivatives of order up to 6 converge uniformly on compact subsets of {Y' : \Y'\ < 1} to 
a function $ G C 6 ({Y' : \Y'\ < 1}). Set 

Q = {\W\ < 1} n {Y = (Y',Y 2n ) : \Y'\ < l,Y 2n < *(Y')}. 

Now define the function u v on fl v by 

u v {W) = \w v \ 2n -\l-r,f n - 2 g v {w) 

for W — (w — w v )/(r)\ w„\). Then w, 1 ' is harmonic on D,", continuous up to <9f2", and u v {W) — on 
{\W\ < l}ndCl». Since 

< g v (w) < \w\- 2n+2 < (1 - j ] )- 2n+2 \w u \- 2n+2 , w G n D" 

we have 

< u v (W) < 1, VF G tt v 
By Harnack's theorem, passing to a subsequence, converges uniformly on compact subsets of f2 to 

a harmonic function u on f2. From proposition 5.1], it follows that 



lim 

v— ^oo 



which is finite. Hence from the definition of u" , 



lim 



^V) Kt-^oo 



which is a contradiction. Hence (1) must hold. 

We now want to modify Step 3 of chapter 4 [7] . Recall that 

f(r)= |J G > - w | <r> |} 

w £dD» 

is a collar about 9 1?" lying in D v whose closure does not contain the origin. Similarly 
£ u (r) = {T v )- l (E v (r)) = |J {z G £>„ : |z - z | < r |z - Pu\} 

is a collar about dD u lying in Z?„ whose closure does noth contain the point p u . 
Lemma 5.4. There exist < Tq < 1, a constant C > and an integer I such that 

d 2 g v 



□ 



(5.12) 
/or all v > I 



REMARKS ON THE METRIC INDUCED BY THE ROBIN FUNCTION II 



17 



Proof. By the relation 

g v (w) = ip v (pv) 2n ~ 2 G u (z,p u ), z=p u - ip v (p u )w, 
we observe that (|5.12[) is equivalent to 
d 2 G v 



(5.13) 



dxidx 



■{z,Pv) 



d z G v (z,p v )\ 1 <C\z-p v \ 1 , z££ v (r ). 



We prove f|5 . 1 3[) by contradiction. So, suppose that there do not exist 0<ro<l,C>0 and integer / 
such that (|5.13p holds for all v > I. Then there exist a sequence {zq v } with zq v £ <9Z?„, and a sequence 
{z„} with 



(5.14) 
such that 
(5.15) 



z v £ D v and \z v - z 0v \ < —\zqu — Pv\, v>1 



d 2 G v 



d z G v (z Vl 

Pu)\ >v\z v -p v \ 



v>\. 



dxidxj 

By passing to a subsequence if necessary, we may assume that 

lim zq v = z £ dD, 

V— >oo 

Then, from ([5TT4]) . 

lim z v = zq. 

v— >oo 

Claim: po = zq. Suppose that this is not true. Then we can find an e > such that B(po, 2e)(~]B(zo, e) = 0. 
Taking e sufficiently small and v sufficiently large, we can find by the implicit function theorem a C°°- 
smooth function <fi on B(x' ,e) and a sequence {4>v} of C°°-smooth functions on B(x' Q ,e) that converges 
in C°°-topology on compact subsets of B(x' , e) to cj) such that 

'B(z ,e) HOD = {(x',<j>(x')) : x' £ B(4,e)}, 
B(z ,e)ndD v = {(x',<t> u {x')) : x' £ B(^,e)}. 

Without loss of generality let us assume that all p v lie in B(po, e). Then 

(5.17) G v {z,p v ) <\z- p„\- 2n+2 < e - 2n+2 , z £ B{z Q , e) n D v 

Now consider the affine map 



(5.16) 



Z = Sz = 



Z- Zq 



and set 
Define 



n = s(b{z , e/2) n d) , n v = s(b{ Zq , e /2) n d v \ . 



K(Z) = e 2n - 2 G{z,p v ), Z£S1 V . 
Then h u is harmonic on f2„, h u = on B(0, 1) n <9il„ and by (|5.17l) 

0<h v (Z)<l, Z£tt u . 

Therefore, by Harnack's principle, after passing to a subsequence if necessary, {h u } converges uniformly 
on compact subsets of fi to a positive harmonic function h. In view of (15 . 16|) . the sequence {h„} on {fi„} 
satisfies the hypothesis of proposition 5.1] and hence 



lim,. 



lim,. 



(5.18) 

where Z v = Sz v . By the Hopf lemma, 
Hence 



d z h u {Z v )\ = \d z h{Q)l 



dXidXj 



d*h 



dXidXj 



(0) 



< oo 



lim 



d 2 G v 



iz u ,p u ) 



\z u - Pv\ = e lim 



\d z h(0)\ > 0. 



Pv\ 



d->h 



dXidXj 



(0) 



u^oo \d z G u {z v , Pv )\ 1 " ™ ^ \dzK{Z v )\ 1 " ^ \dzh(Q)\ 
which contradicts (|5.15p . Therefore, we must have po = zq and hence the claim. 
Now define 

k v = \Pu - Z v\- 



po - Pol < oo 
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Consider the affine maps S v : C" — > C" denned by 

z = S v (z) 



k u 



and let D v = S V {D V ). A denning function for D v is given by 
Vv ° S~ x {z) = ij) v (p v + k v z) 



MPu) + 2k v $t(Y,(ip„) a ( Pv )z a ) + klO{\) 



a=l 



for z on a compact subset of C". Since {ipv} converges in the C°°-topology on compact subsets of C™ to 
ip, we note that O(l) is independent of v. Now 



ip„ o S u 1 (z) _ ip„(p v ) 



is again a defining function for D u . Note that we can find a ball B centered at po, positive smooth 
functions <j) v on B such that 

-ip v (p) = <j)„(p)d{p, dD u ), pe B. 

By differentiating the above relation, it can be seen that the functions (f> u , for all large v, are unifomly 
bounded above by a constant c > on possibly a smaller ball B' centered at po . This implies that for all 
large u, 

ipu(Pu) ^ cd v (p v ,dD v ) 

< — ; ; — < C 



\Pv ~ Z u\ 

and hence after passing to a subsequence, {ip y {p v )/k v } converges to a number c < 0. Thus the functions 
ij) v converge in the C°°-topology on compact subsets of C n to the function 



^(f) = C + 2R(^Va(Po)*a). 
a=l 

This implies that the domains D v are C°°-perturbation of the half space 

n 

H = {z e C : c + 2R( ^ ^ a (Po)S a ) < 0}. 



Since c < 0, it is evident that 
(5.19) 



og n. 



We will now derive a contradiction by proving that (|5.19D is false. First, observe that = S u (jp v ) € D„ 
Let <7i/(.?) be the Green function for D v with pole at 0. Then 

(5.20) ~g v {z) = G(z,p v )kl n - 2 . 

Now let Zq v = S u (zq u ). Then zo u € <9Z?„ and 

zoo - 



= f. 



Therefore, after passing to a subsequence, {So} converges to a point So with 

|*o| = l. 

Evidently, Sq £ dH. Also, let z v = ^(z^). Then 



z v — Zq v 



< 



1 



\Zv ~ Z 0v \ 

by (|5.14p . Therefore, 

lim S„ = zo- 

Now we derive the contradiction by considering the following two cases: 

Case I. E H. Let g(z) be the Green function for H with pole at 0. Then by corollary |3.2[ 

J lim^oo \d$g v (z v )\ = \d z g{zo)\ > 0, 



lim„ 



ox k oxi v v i ax k oxi v. u/ / 
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Now from (jO0| . 

d 2 G 



lim 



d z G(z u ,p u ) 



\Z U ~Pu\ 



lim 



d 2 ~g„ 



diidxj 



H*0 



9g9v{z u )\ \z v \ < oo 



which contradicts (|5. 15|) and hence ^ Iri. 

Case II. G <9iJ. By the implicit function theorem we can find a ball B(zq, e), a C°°-smooth function <f) 
on B(x' , e) and a sequence {<j) v } of C°°-smooth functions on B(x' , e) that converges in the C°° -topology 
on compact subsets of B(x' , e) to tj> such that 

l(x ,e)ndH = Ux',(j){x')) : x' € B(x' ,e)\ 

B{x ,e)ndD v = {(x',<t> v {x')) : x' G B(z{,,e)} 

Without loss of generality let us assume that e < 1/2. Then, since \zq\ = 1, 
(5.22) fl „(5) < |z|- 2 "+ 2 < 2 2 "- 2 , 5eB(i ,e)n^. 

Now, consider the affine map 



(5.21) 



Z = Sz 



z - z 



and set 



CL = S(B(5 ,e)nH), Q v = S(B(z ,e)r\D„) 
h{Z) = 2- 2n+2 g{z), ZeQ 



Define 
(5.23) 
and 

(5.24) K{Z) = 2- 2 "+ 2 5l/ (5), Z G n„. 

Then ft„ is a positive harmonic funtion on 0,^ and satisfies h v = on -B(0, 1) fl cTi,,. Moreover, by (|5.22l) . 

0<h u (Z)<l, Zett v . 

By passing to a subsequence if necessary, it follows from Harnack's principle that {h v } converges uniformly 
on compact subsets of to a positive harmonic function ft which satisfies ft = on B(0, 1) n <9fi. In view 
of (|5.21[) . the sequence {h v } satisfies the hypothesis of [7j proposition 5.1] and hence from (|5.20p and 

d 2 G 



lim 



dxidxj 



{z v ,p v ) 



d 2 ft, 



e lim 

v— J-oo 



dX,dX 



-i, ^ 



\d^h v (Z„)\ \z v \ 



d 2 h 



dXidX 



|^/i(0)| 



where Z„ = Sz^. Now by the reflection principle, ft. extends as a harmonic function to a neighbourhood 
of and hence the quantity on the extreme right of the above equation is finite. This contradicts fl 5 . 1 5 [) 
and hence ^ &H. 

By Case I and Case II, g" H which contradicts (I5.19[) . Therefore (|5.13l) holds and the lemma is 
proved. □ 

Recall that if r > and I are as in lemma l2~4l then the function F v (w) is defined and smooth on the 
collar £ v {r). 

Proposition 5.5. There exists < r < 1, a constant C > and an integer I such that 

(1) \F"(w)\ < C(l + \w\- x )\w\- 2n+:i , 

(2) \(dF"/d yi )(w)\ < (7(1 + \w\- l )\w\- 2n+2 , 

(3) \(d 2 F v /dy i dy j ){w)\ < C(l + |«;|- 1 )|u;|- 2n + 1 
for all v > 7 and u> G £ u (r). 



Proof. Choose m>0, 0<r<l and / as in lemma [2741 Choose A/ > as in lemma 12751 Modify I and 
choose a constant C so that proposition 15.31 holds. Modify r and I so that lemma 15.41 holds. Now fix 
v > I. 

(1) Let w G £ v (r), \w\ > 1. Then by lemma |2~41 lemma |2~51 and proposition 15.31 



\F V HI 



l|fc(P^)l 
|9io/ J /(p./,io)| 



m(i + h^OH: 

m 



■C|, 



GaCH-H- 1 )^! 



-2n+3 



211 



DIGANTA BORAH 



where C\ = MC/m is independent of v and w. 
(2) Differentiating F v (w) with respect to j/j, 

(X9^ dp^dy, ,„ „, X Q/„ Z^fc=l 9y fc gi^gyj , , l gj„ 1 £-k=l dy k dy k dyj 

[ ' dvi - \d w f v \ l ° w9 l + 49p 7 la^P |CW7 1 4 9p 7 |^M |cW| 
Thus for to s f (r) with \w\ > 1, by lemma HOI lemma l2~5l and proposition 15.31 and the fact that 

dg" 

dy k < 2 



\d w g" 
we have 



dF v 



dyi 



H < jtf ( 1 + H- 1 )H CH - 2 n + i + I M(1 + |tp| - 1)Ha 2a2lfMH-^ 
m 4 



-2n+l 



+ 1m(1 + | W |- 1 )| W | 2 -2n2C| W r 2,i < C 2 (l + M _1 )IH~ 2n+2 - 
4 m 



(3) In order to prove this estimate, we differentiate (|5.25[) with respect to yj and estimate as before. 
All terms except those of the form 

9Su d 2 g„ d 2 g„ df„ dg v dg v d 2 g v d 2 g v 

dp-, dy k dyi dyidyi dp v dy k dyi dy k dyi dyidyj 



\d w f u \ \d w g„\ ' \d w f v \ \d w g v \ z 

can be estimated from the above by const. (1 + |w| _1 )|w| _2n+1 for w £ £ v {r)- Also by lemma I5T41 the 
above terms can be esitmated from the above by const. (1 + |w| _1 )|u>| _2 " +1 for w G £ v (ro). □ 

We now modify the Steps 4 and 5 of chapter 5 [7] to find an upper bound for g_ 9 g p (p v , w). 

Proposition 5.6. There exist < r < 1 and an integer I such that for v > 1 and wq £ dD v , we can 
find a function F*(w) (depending on the parameters v and wg) of class C 2 on 

E = {w e D v :\w - w \ < r\w Q \} 

such that 

H E F*{w) = ^(p v ,w), weE. 
op~t 

Moreover, there exists a constant C > independent of v and wq 6 dD v such that 

(1) \F*(w)\ < C(l + Itool-^KI-*^ 3 *n E - 

(2) \(dF*/dy l )(w )\<C(l + \wo\- 1 )\w \- 2n+2 ,t = l,...,n. 

(3) \A w F*(w)\ < (7(1 + |t«d|- 1 )K|- 2n + 1 m E. 

Proof. Choose < r < 1, a constant C and an integer / as in proposition 15.51 Now fix v > I and 
w € dD v and let 

B = {w : | io — wq\ < r|wo|}- 

Then E = B n D v . Since 

?p-(p V) w)=H D *F v (w) 

on D v , the function {dg v /dp 1 ){p Vl w) is harmonic on E with boundary values 

' F v ; i£w£BndD v , 

Jl D ,F v ; ifw€dBf]D u . 

Let m be the harmonic function on E with boundary values 

'o ; \iw eBC\dD v , 



(5.26) 



u(w) 

and set 
Then 

H E F* = H E F V + u 
is a harmonic function on E with boundary values (I5.26[) and hence 



\H D »F V -F u ; ifw£dBnD" 
F*(w) = F v (w) +u{w), weE. 
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on E and this proves the first part of the proposition. 

To prove the second part, note that by proposition 15.51 and continuity of the function 

I^HKi + H- 1 )- 1 ^! 2 "- 3 

up to £ (r), we have 

\F"{w)\ < C(l + H-^M^"^, w G T(r). 

In particular, the above hods for w e E. Also, since (1 + |w|~ 1 )|w|~ 2n+3 is superharmonic on C", this 
also implies that 

(5.27) \H D »F v {w)\<C{l + \w\~ 1 )\w\~ 2n+3 , w Elf . 

Therefore, 

\H D uF v {w) - F v {w)\ < 2C(1 + M^M" 2 " 4 " 3 , wedBDD" 

which implies that 

\u(w)\ <2C(l + \w\~ 1 )\w\- 2n+3 , weE. 
Since E C {w : \w — wq\ < r\wo\}, 

\F*{w)\ < \F u (w)\ + \u{w)\ < 3C(1 + l^r 1 )^!" 2 '^ 3 < 3C(1 - r)- 2n+2 (l + KI^KI -2 "* 3 , weE 

which proves (1). 

To prove (2), note that from the above calculation 

\u(w)\ < 2C(1 - r)- 2n+2 (l + KI^Kr 2 "^, weE. 

Also u(w) — for w e B n dD v '. Moreover by lemma [4~Tl we can modify the integer / if necessary, 
to find a p > which is independent of v and wq such that there exists a ball of radius p\wo\ which is 
externally tangent to dD v at wq. Hence taking R = min(p|iuo|, r | wo | ) in Step 2 of chapter 4 [7], we can 
find a constant c independent of D v and u such that 

2cc(i - r)- 2n+2 (i + Kr^Kr 2 '^ 3 



\d w u(w )\ < 



Cil + lwol-^lwol- 2 ^ 2 



mm(r\w \, p\w Q \) 

where C is independent of v and wq e dD v . This together with proposition 15.51 implies 
r)F* r)F f)ii 

7}— («X>) < 7?>o) + ^-(wa) <(C + G)(l + K|- 1 )K|- an+a 
dy t dyi dyi 

which proves (2). 

Finally using the fact that u is harmonic we obtain from proposition 15.51 that 

\& w F*{w)\ = \A w F v (w)\ < nC{\ + |H _1 )IH _2n+1 < nC{\ - r)- 2n {\ + | Wo T 1 ) |~ 2rl+1 , weE 
and this proves (3). □ 
Proposition 5.7. There exist a constant C > and an integer I such that 

(5.28) 92g » 
for all v > I and w e D 



dw a dp. 



-(p v ,w) <C(l + \w\-')\w\ 



-lM„,.|-2n+2 



Proof. 15.71 Let 0<r<l,C>0 and / be as in proposition ^. 6l and fix v > I. By the maximum principle, 
it suffices to prove (|5.28l) for wq e dD v . Given such wq, we let F* be a C 2 -smooth function on 

E = {w e D u : \w - w?,\ < r\w \} 

satisfying the estimates of proposition 15.61 Now consider the affine map 

w at \ w -w 
W = S(w) = — — - 
r\w \ 

and let O = S(E). Define the functions u and h on f2 by setting 

u(W) = ^-(p v ,w) and h(W) = F*{w). 
dp~f 
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Then u = Hfih on fi and by proposition l5.6l 
(l)\h(W)\ < C{1 + |t«o|- 1 )K|- 2B+3 in n, 

QF* 



< 2 >li<°> 



{w ) r\w \ < Cr{\ + |w | L )\w 



-2n+3 



, and 



{3)\A w h{W)\ = \A w F*{w)\r 2 \w \ 2 < Cr 2 {\ + M^KI" 2 "* 3 < Cr{l + |i«o|- 1 )K|- an+8 in ft. 

By lemma 14.11 we can modify the integer I to find a p > which is independent of v and w§ such that 
there exists a ball B of radius p\wo\ which is externally tangent to dD v at wq. Setting T{B) = B, we see 
that the ball B C C" \ fl has radius p/r and is tangent to dfl at 0. Let B^ be the ball with centre same 
as B and radius p/r + 2. Hence by [7J pp 60, lemma 5.1', ], there exists a constant M depending only on 
p/r such that 

|%«(0)|<MC(l + K|- 1 )K|- an+3 

Since 

du d 2 <7„ 



-(0) 



we have 



dw a dp r 



■{Pu,WQ, 



dw a dp 1 
MC 



(p,w )r\w \, 



< 



(i+Kr A )Ki 



which proves the proposition. 



□ 



Proposition 5.8. Let w v £ dD v be such that {w"} converges to w° £ &K = dD{po). Then 

lim " {p Vl w v ) = (po,w°). 

v-yoo OW a Op 1 OWaOp-f 

Proof. This follows from standard boundary elliptic regularity arguments and the fact that D" is en- 
close to D. □ 



Proposition 5.9. lim 



d 2 K 



-(P,) 



d 2 \ 



■(Po) 



- dp 1 dp 1 dp^ Fl 
Proof. By proposition 12.31 and (15.31) , we only need to prove that 



(5.29) lim / k^{w) 



JfeH d 2 g u w) d^ [w)dSu 
\d w g v {w)\ dw a dp dn w 



OH 



kj{p ,w) 



^(PoM d 2 



9 



\d w g(po,w)\ dw a dp„ 



{Po,w)tt-{Po,w) dS u 
on,,, 



Let R > 1. Then by the arguments of the proof of proposition 14.41 together with proposition [5751 we have 



(5.30) lim 



feH d 2 g v 
\d w g v {w)\ dw a dp„ 



B(0,R)ndD" 



(p u ,w)^—{w) dS u 
on w 



, 1( \ ak^ w ) d 2 g 3g 

KiPo^w)— — -- — ^{po,w)~ — (p ,w)db w . 

B(0,R)ndH \O w g(p ,w)\aw 

To estimate the above integrals outside B{0,R), note that by corollary |2.61 there exist a constant C and 
an integer / such that 

|fci 7 MI < C\w\ 2 , w e dD v , \w\ > 1 
for v > I. In view of proposition 15. 71 we can modify C and I so that 

d 2 g v 



dw a dp~. 



for v > I. Therefore, 
(5.31) 



(P*,w) <C\w\ 



-2n+2 



d z g„ , s MzW dg" 



K{w) " (p„,w) 
B-(o,R)ndD- ow a ap 1 \o w g v {w)\ dn v 



w e dD v ,\w\ > 1 



{w)dS u 



< C 2 R- 2n+i 



B<=(0,R)c\dD» 



dg" 
dn w 



(w))dS u 
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for v > I. Again 



v V dn w ) J aD v V dn w J 



>Bc(0,R.)ndD 

and hence from (|5.31[) 



dg v 



(5.32) 



B"(0,B)ndD" OWaOp^ 



-(w)dS n 



0(R 



-2n+4\ 



\d w g v (w) \ dn v 

uniformly for all v > I. Also by (|2.7|) . we can modify the above constant C so that 

d 2 g 



\kj(p ,w)\ < C\w\ 2 and 
for w £ dT~L with \w\ > 1. As above we obtain 



dw a dp. 



-{po,w) < C\w\ 



-2n+2 



(5.33) 



kJ(po,w] 



£t(P0,w) d*g , . dg 



— {po,w)-^-{p ,w) dS u 



'Bo(p,R)nd-H \d w g(p ,w)\dw a dp 1 
From ([OP]) . (j532"|) and ([Qg]) it follows that ([5~^5j) holds. 

Proof of Theorem 1.3. In view of proposition 14.41 we only need to prove that 

d 2 \ 



0{R 



-2n+4\ 



lim (p„) 



<Po). 



dpadpp 

But this follows from proposition 15.91 by a unitary change of coordinates. 



6. HOLOMORPHIC SECTIONAL CURVATURE 

In this section we prove theorem 1.1 by deriving the asymptotics of the terms in (jl.ip . 

Lemma 6.1. We have 

(1) lim v ^ O0 (g v ) a f(p v )(il) v (p v )) 2 = (2n - 2)^(0)^(0), 



(2) lim v _ 



^(P,)(^(P,)) - -2(2n - 2)^(0)^(0)^(0), 



(3) lim^oc B a i t g^ (pu){il> v (pu)y = 6(2ti ~ 2)^(0)^(0)^(0). 
Proof. Let "H be the half space 



n = {z£C n : 2«(5ZV<(0)«*) - K O} = {z € C" : 23?z„ - 1< 0}. 



From [1] (1.4)], the Robin function for H is given by 

2n-2 

/ \ t n '[in \ 

A*(z) 



1^(0)1 



2H(ES=i^i(0)*i)-l 



-2n+2 



□ 



□ 



so that 

• A w (0) = -1, 

. (A w ) o (0) = -(2n-2ty«(0), 

• (A«) Qb (0) = -(2n - 2)(2n - 1)V«(0)^ 6 (0), 

• (A w ) abc (0) = -(2n - 2)(2n - 1) (2^)^(0)^(0)^(0) and 

• (A H ) Qbcd (0) = -(2n - 2)(2n - l)(2n)(2n + 1)^(0)^(0)^(0)^(0) 

where the indices a, 6, c, c? refer to either holomorphic or conjugate holomorphic derivatives. Hence by 
theorem 1.2, we get 

• A„(p„)(Vv(p„)) an - 2 ->-l. 

• Ka{pv){iiv(j>u)Y n ~ X ->■ (2n- 2)^,(0), 

• A I , Qb (^)(^(p,)) 2 " ->■ -(2n - 2)(2n - 1)^(0)^(0), 

• A, Qbc (^)(^(^)) 2 " +1 -> (2n - 2)(2n - l)(2n)^(0)V>&(0)V>c(0) and 

• A, Qbcd (^)(^b,)) 2 " +2 -> -(2»-2)(2n-l)(2n)(2n+l)Va(0)^(0)^c(0)^(0). 
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Now 

3 2 log(-A)_A^ A a Aj 



(fU) 9 ^ dz a m (i A A 2 ' 

Multiplying both sides of this equation by ip 2 , we get 

A a ^ 2 " (A a ^ 2 "- 1 )(A ? y> 2 "- 1 ) 

It follows that 

Jim g va p(pu) (MP»)f = (2n - 2)^ Q (0)^(0) 

which is (i). 

Differentiating (|6.ip with respect to 2 7 , we obtain 
f62l d 9 a p _ Kfr { K-p A i , A a 7 A ? , A ?7 A a ^ | 2A a A^A 7 



d Zl A V A 2 A 2 A 2 j A 3 

Multiplying both sides of this equation by ip 3 , we get 

ggog 3 _ A a ^ 2 " +1 / (A a ^ 2 ")(A 7 ^ 2 "- 1 ) (A a7 ^ 2 ")(A^ 2 - 1 ) (A^ 2 ")^ 2 "- 1 ) ^ 
dz 7 ^ A^ 2 ™- 2 ^ (Ai/' 2 "- 2 ) 2 + (Ai/; 2 "" 2 ) 2 + (At/; 2 ™" 2 ) 2 J 

2(A Q V' 2 "- 1 )(A 7J V 2n_1 )(A 7 V' 2 "" 1 ) 

+ ( A ^2n-2)3 

It follows that 

lim -^l(p„)^{p v f = _ 2 (2n - 2)^(0)^)^(0) 

which is (ii). 

Differentiating (|6.2I) with respect to z$, we obtain 

d2 9 a -p _ KmS (K^h , A Q ^A 7 A a7 jA ? A^A Q \ M^A^ A a7 A^ A aI A^ 7 



<9z 7 a% A V A 2 A 2 A 2 A 2 j \ A 2 A 2 A 2 

A a7J A 7 Ay A Q7 A-gA 7 A-g Aq,A 7 A aJ A ? A 7 A^A a A 7 A 7 yA Q A-g\ 6A Q A 7J A 7 A 



A 3 A 3 A 3 A 3 A 3 A 3 ) A 4 

Multiplying both sides by ip 4 , this equation can be written in a form where A is multiplied by ip 2n ~ 2 
and first, second, third and fourth order derivatives of A are multiplied by -0 2 ™ -1 , ip 2n , 7/; 2n + 1 and ?/> 2n+2 
respectively. It follows that 

d 2 q - 

lim — -jg-(j>v)(il>v(pv))* = 6(2n- 2)^(0)^(0)^(0)^(0) 
which is (hi). □ 

To obtain finer asymptotics of the derivatives of A„ along {p u }, we need the following: 
Lemma 6.2. Let 1 < a < n — 1. TTien 

Um = 1(^(0) +^(o)). 

Proof. Fix a f and define the function / on [0,1] by 

(6.3) f(t) = MtPv) = ^(0, ■ ■ ■ , 0, -*„*)• 
By Taylor's theorem 

/(l) = /(0) + /'(0) + ±/"(s) 
for some s € (0, 1). Therefore, by successive application of the Chain rule to (16.3[) . we obtain 

(6.4) MPu) = -«,((W»(0) + (V^k(O)) + ^((^)nn(C^) +2(^W(C) + WvW(C>)) 

where Ci/ = sp„. 

Now fixl<a<n-l and define the function g on [0, 1] by 

(6.5) g(t) = (i> v ) a (tpv) = (^) Q (0,...,0,-<U). 
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By Taylor's theorem 

g(l) = g(0)+g'(0) + \g"(s) 
for some s' € (0, 1). Therefore, by successive application of the chain rule to (|6.5|) . we obtain 

S 2 

(6.6) {lpv) a {Pv) = -<^((Vv)em(0) + (^)an(O)) + y ((Vv)cmn(^) + 2 (if, >„) 'ariniVu) + (ipv) anuiVv)) 

where r\ v — s'p v . It is now evident from (|6.4p and (|6.6|) . that 

lim 

i/->oo ip v (p u ) 2 X 

and the lemma is proved. □ 

Using this lemma and theorem 1.3, we obtain the following finer asymptotics of the first and second order 
derivatives of A„ along {pi/}. 

Lemma 6.3. Let 1 < a < n — 1 and 1 < /3 < n. Then 

(i) lim^oo Ka{Pu){^ v {p v )) 2n 2 = A Q (0) + (2n - 2)C a , 

(ii) limy^oo h a p(j3 v )(ip v (p v )) 2n ~ 1 = -(2n-2)A Q (0)V^(0)-(2n-2)(2n-l)^(0)C7 Q + (2n-2)^(0) 
w/iere C a = \ {^ an {0) + ipdn(0)) ■ 

Proof. The normalised robin function 

y ' ' v ' \-\dtjj(z)\ 2n - 2 ifzedD 

associated to (D, t/j) is C 2 on D. In particular, A(0) = — 1. Differentiating A with respect to z a , we obtain 

A Q V 2 "~ 2 = A« - (2n - 2)A^"Va- 
Hence by theorems 1.2, 1.3 and lemma l6~2l 

lim A ra (p l/ )(i/) !y 

(p„)) = A Q (0) + (2?i-2)C a 

V — ^OO 

which is (i). Similarly differentiating (|6.7p with respect to z a followed by ~zp we obtain 

= ~ ( 2n - 2)(A Q ^+ A^ a ) + (2n - 2)(2n - l)A^~Va^- (2n - 2)A^ 
Again by theorems 1.2, 1.3 and lemma RT21 

Urn A^(p w )(^(^)) 2n_1 = -(2n - 2)A a (0)^(0) - (2n - 2)(2n - l)%(0)O* + (2n - 2)^(0) 
which is (ii). □ 
Lemma 6.4. Let 1 < a < n — 1 and 1 < /3 < n. Then 

^9 vc $(p»)(MPvj) =(2n-2) Q{Vw(0)+^(0)}%(0)-^(0) 

Proof. We have 

= d 2 log(-A) = A a ^ A a A-g 
d^cte^ A A 2 ' 
Multiplying both sides of this equation by ip, we get 

A^ 2 - 1 _ (A a ^ 2 »- 2 )(A^ 2 - 1 ) 
(tK8j At/; 2 - 2 (A^ 2 »- 2 ) 2 

By the proof of lemma 16.11 

K{pu){i>u(pv)) "~ -> -i 

and 

A^J^Ov))^" 1 -> (2n- 2)^(0). 
Therefore using lemma [(TBI we obtain from (16. 8[) . 

Urn g va p(pv)ip„(pu) = (2n - 2)A Q (0)^(0) + (2n - 2)(2n - 1)^(0)C - (2n - 2)^(0) 

-{ X a (0) + (2n - 2) C a }{ (2n - 2)^(0) } 
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Simplifying the right hand side we obtain 

!™ 9 vai }(p»)^u{pu) = (2n - 2)(^(0)C Q - ^(0)) 



(2n - 2)(i{^ Qn (0) + Vw(0)}V^(0) - ^(0) 



□ 



Since we do not have any information about the third order derivatives of A(p) = ip 2n ~ 2 A(p) near the 
boundary of D, the above method fails to give finer asymptotics of A uct a . However by proposition l2.il 
the function 

(6.9) g(p,w) =*P(p) 2n - 2 G( P ,z) 

where w = (z—p)/(—ip(p)), is C 2 up to D U dD and for each p 6 D, -§jj-{p) and g ® JL (p) are harmonic 
functions of w € £*(p) and hence can be differentiated infinitely often with respect to w. Moreover 

(6-10) 1^,0) = !^) and ^-(p.0)- ^ 



(6.13) 



<9p Q ' <9p Q dp a dpp ' dp a dpp 

In the following, we exploit these properties to calculate finer asymptotics of A vc ^ by expressing it in 
terms of mixed derivatives of g v . 

By [3 Proposition 6.1], the functions 

(cu] \ g ^ z ) - 

are real analytic, symmetric function m D x D and are harmonic in z and in p. By [7J 6.14] 

9G — 

(6-12) A a7h (p)=2-^.(p lP ) 
By [3 Proposition 6.2], the functions 

g (p,w) = g(p,w) + T ± I Yli=i w i§[jjr> 

K 9 a {p,w) = ip(p)-§j^(p, w)-(n- l)i> a {p)(go(p,w) +g (p, w)) 

are harmonic functions of w G D(p) for each p E D. From [7J page 83], 

(6.14) ^ = -(^(P))" 3 "" 1 ! ~ 2^(p)^(p,0) + ^(p)^!^-(p,0)} 
Combining (|rjT2"j) and (joTTl) . 

(6.15) A^^^^^^feC-^feO, 
Lemma 6.5. Let 1 < a, 7 < n and 1 < /3 < n — 1. TTien 

i^L A ^ 7 (p«) (Vv (p./)) 2 " 

exists and is finite. 

Proof. By (|6.15p and lemma [6\2l we only need to prove that 

li m ^121(^0) and lim ^ (p^,0) 

exist and are finite. 

Now g ua {Pv, w) is a harmonic function of it; € D" . To estimate the boundary values of these functions, 
note that the first term of g v o{pu> w), i.e., g v {p v , w) is bounded by |w|~ 2 ™ +2 for all v and by proposition 
15.31 the second term is bounded by C\w\~ 2n+2 for all large v. Therefore, from (|6.13[) 

(6.16) \g u0 (p U) w)\ < C\w\- 2n+2 , w e dD v 

for all large v. Again, by proposition 14.31 \^^(p v , w)\ is bounded by C(l + |io| _1 )|u;| _2n+3 for all lare v. 
Also ipv{Pv) an d 4>va{ P is) are bounded by a constant C for all large v. Hence from (|6.13[) and (|6.16l) . 

(6.17) \g va (p v ,w)\<C{l + \w\- 1 )\w\- 2n+ *, wedD" 
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for all large v. 

Choose r > such that -6(0, r) C %. Since D v converges in the Hausdorff sense to H, there exists an 
integer I such that B(0, r) C D v for all v > I, Therefore 

(6.18) \w\ > r 

for all v > I and w e dD v . Hence from (|6.17l) . 

\g va {p v ,w)\<Cr- 2n +*{l + r- 1 ), w e 3D" 

for all large v. Therefore, g va ij> v -,w) is uniformly bounded on B(0,r) for all large v. Moreover, by 
7, Proposition 6.2] and the fact that J^(^,0) = §£j(p«/), 



(6.19) 



OPa 



which converges. It follows from Harnack's priciple that 

lim ^^(zv.O) 



dw~, 



exists. 



Now differentiating (|6.13l) with respect to pp, we obtain 
6.20 — P:w) = ^ + 7>^7F 



d 2 g 



dp 



■pdwi 



and 

(6.21) g»(p, u ,)=^(p)_^- 



(j),w) +lf>g(p)—9-(p, w) - (n - l)^ a {p)(^r-{p, w) + t^-{p, w)) 
p dp a \dpp opp J 



- (n- l)ip a p(p)(go(p,w) + g (p,w)) 
which are harmonic functions of w € D. As above | 1 is bounded by C(l + |w| _1 )|w|~ 2 ™ +3 for all large 
v. Also, by proposition 15 .71 | g=-§^j: | is bounded by C(l + |w| _1 )|w| _2 ™+ 2 for all large v. It follows that 



3.22) 



d9u0 (Pu,w) <C\w\- 2n+3 ,wedD" 



dPp 



for all large v. From proposition 12. II for 1 < 7 < n, p € I? 

a 2 5 



dp~/dp 7 



■M <\kl{p,w)\\d w g{p lW )\+2\kl\Y, 



d 2 g 



dwi&p 



€ 9D(p). 



It follows that 



9V 



and hence by a unitary change of coordinates 
<9V 



(p„, «0 < C(l + l^r 1 + \w\- 2 )\w\- 2n+ \w € dD v 



dpudpp 



(pu,w) <C(l + \w\- L + \w\-')\w\ 



-2\|, „|-2n+4 



for all large v. Thus 

^(p„, w) < (7(1 + M" 1 + M- 2 )M- 2,l+4 < C*r- 2 "+ 4 (l + r- 1 + r- 2 ), w G dD v 
dPp 

for all large v. Therefore, the sequence { (j> Vl w)} is uniformly bounded on B(0, r). Moreover, 
dg va d 2 X v dX v dX v 

-^P-(p u ,0) = ipv{pv)-^ — ^(p^) + V' I /fl(p«/)^(Pv)-(2n-2)V' V o(Pi/)^(Pv)-(2n-2)V' wa fl(pi/)A I/ (p I/ ) 

CP/3 Op a OPfj r Op a Op p 

which converges. It follows from Harnack's principle that 



d 2 g v 



(p„0) 



exists. 



□ 
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Lemma 6.6. Let 1 < a, 7 < n and 1 < /3 < n — 1. Then 

lim %^( Pl/ )(^)) 2 

exists and is finite. 

Proof. From (16.21) . we obtain 

,2 = A ^7^" /" (^g^K^rg^j (A,a 7 ^")(A^"' 2 ) (A^ 7 ^- 1 )(A, a ^^ 1 ) 
5z 7 ^ A^ 2 - 2 ^ (A^3- 2 )2 + (A.^- 2 ) 2 + (A.V^- 2 ) 2 

2(A i , a ^"- 1 )(A^»' 2 )(A, 7 e" 1 ) 
+ (A^ 2 "~ 2 )3 

In view of theorem 1.2 and lemma [6~51 it is seen that the second and third terms have finite limits along 
{pv} and by lemma 1531 the first term has finite limit along {p v }- D 

Lemma 6.7. The limit 

lirn^ det (g uol -p{p v )) (Vv(f^))" 

exists and is nonzero. 

Proof. Let (A a ^) be the cofactor matrix of {g a -p)- Then expanding by the n-th row, 

det (9ap) = 5„T A nT + ■ • • + 5rmA n?r . 

Therefore, 

(6.23) det(g^)r +1 = (g^iA^ 1 ) + ■■■ + (sn^KA^"" 1 )- 

Note that 

5iT ■ • • ffi^T 5i^+T ■ • ■ 5ir 

A n «V" _1 = V" _1 (-l) n+Q det 

= (-l) n+a det 

a < n — 1 a: 
quantity . It follows that ifl<a<n— 1 then 



By lemma E3] ,ifl<a<n — 1 and 1 < /3 < n, then the term g va -p{Pv)ipv{Pv) converges to a finite 



lim A ly „a(p 1/ )(V' J ,(p i ,))' i 1 

v— >oo 

exists and is finite. Also if 1 < a, /3 < n— 1, then g^^ip^^viPv) converges to — (2n — 2) -0^(0). Therefore 
Urn KnM^uip^f' 1 = (-l)"(2n- 2)"det (^(O)),^^. 

Finally by lemma [6~T1 if 1 < a,f3 < n, then g vo ^(j>v){^v{Pv)) 1 converges to (2n — 2)xp a (0)if^(0). Now it 
follows from (|6.23p that 

lim det ( 9v - {p v ))(MPv)) n+1 = (-ir(2n-2)»+ 1 det(^(0)) 1 < Q ^ ji _ 1 ^0 

as D is strongly pseudoconvex at 0. □ 

Proof of Theorem 1.1: We have 

(<*,*(*)) C^c^„ ( 5n7I (z)(0(z)) 2 ) c,z ™ dz ™ 

By lemma 16.11 

' <>29v ^(Pu) 72 { 6 ( 2 ^- 2)^(0)^(0)^(0)^(0)} - ;! 



{(2n - 2)^(0)^(0)}' 



n - 1 



To compute the limit of the second term note that g^ a = A a -^/ det(g Q ^). There are various cases to be 
considered depending on a and j3. 
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Case 1: a ^ n, /3 ^ n. Here 

1 Pg dgnadgfln = 1 /2 \ ( d 9Pn , 3 \ 

9lJ dz n &z n (g nri r) 2 (det(g il )r +1 ) [ \ dz n ) \ &z n W J 

By lemma [6~TI 

gvrm(Pv)(ipu(pu)) -> (2n - 2) 
By lemma IBTTl det {gfj{p v )) ("^vPu)) n+ converges to a nonzero finite. Also 

^a~p = y^(-l) Sgn ^ff 1 ^pj-ff 2 ^72T- • ■ 9 n -^n) 
a 

where the summation runs over all permutations 

o-:{l,...,a-l,a + l,...,7i}^{l,...,/3-l,/3 + l,...,7i} 

Hence 

= E(- 1 ) S9 " (,T) (5i^)(ff 2 ^) • • • ( 5 „^ 2 ). 

By lemma RJ~T1 for 1 < i < n — 1, 9 ui ^jj(Piy) ypv(pv)) converges to a finite quantity. Also 

9 v ^M^)f "> (2« - 2)^(0)^(0) 
by lemma IBTTl Thus & vc [g{pv)\<pv(j?v)) converges to a finite quantity. 
By lemma [6701 (iv) (Vv (p»/ )) 2 converges to a finite quantity and by lemma 167X1 



(P,){MP,)Y = -^(Pv)(VfcM -2(2n- 2)(^„(0)) (^(0)) ty„(0)) = 0. 



1 Sa/ \®9vria ( 



Hence 



llm 7 —772^ (P")-5 \Pv)-^-{pv)=Q. 

Case 2: a = n, f3 7^ n. Here 

J_ Bnddrmdgpn = 1 ( > /n _i, / %m ,. 3 \ f ,3 

a z „ m n ( 3 „^ 2 ) 2 (det( % )^ +1 ) 1 ; V^„ v )\dz n w 

By lemma [6~TI 

9vrvn(j> v )i y i> v {Vv)) 2 -> (2n - 2). 

By lemma IBTTl det {g va -p{Pvj) (ip(Pv)) n+1 has a nonzero limit and A 1 , n -g(p„)('0 I /(p„)) n 1 converges to a 
finite quantity. By lemma IBTTl 

^^(Pu){MPu)) 3 -> -2(2n- 2)^(0)^(0)V„(0) - -2(2n- 2) 

and 



(p„)ty„(p*)) a = (P,)(^(P,)) 3 J -2(2n- 2)(^„(0)) (^(0)) (^„(0)) = 0. 

Hence 

(<7™»0*)) 9Z ™ ^« 

Case 3: a ^ n and j3 — n. This case is similar to Case 2 and we have 

1 • 1 ria I \ dguna , \ dg vr m , , 

hm 7 7— 72^ (P")-5 UM-s^-CPi') =°- 

™ (Sv«r(Pv)) 9z » 9z ™ 

Case ^ : a = n, /3 = n. In this case we have 

1 nn dgnndgnn = 1 , n-U ( dg n n , 3 \ ( dg n n ,, 3 

5 2 / 0z n 9z n ( 5 „^> 2 ) 2 (det( 5i -)^+i) V j V<9z„W^n 
From lemma 16.11 

g m n(pv){ilJv{pv)) 2 -> (2n - 2) 
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and both 



' H,m (Pv)(l>u(pv)) 3 , i^(p»)(MP»)f "> -2(2n - 2) 



Zn OZ n 

From lemma 16.71 



KnM{^uipu)) n 1 -> (-l) n (2n - 2)" det (%(0)) x 



<i,J<n— 1 



and 
Hence 



det (fl^G*,)) (-l) n (2n - 2)" +1 det .<„_ r 

From the various cases we finally obtain 

lim R(zv, v N {z v )) = -3/(n - 1) + 2/(n - 1) = -l/(n - 1). 

7. Existence of closed geodesics 
In this section we prove theorem 1.4. The main tool that we will use is the following theorem of Herbort 

Theorem 7.1. Let G be a bounded domain in R fc , such that wi(G) is nontrivial. Assume that the 
following conditions are satisfied: 

(i) For each p £ G there is an open neighbourhood U C R fc , such that the set G P\ U is simply 
connected. 

(ii) G is equipped with a complete Riemannian metric g which possesses the following property: 

(P) For each S > there is a S > 0, such that for every point p € G with d(p, dD) < 8 and every 

xen k , 9 (p,x) >s\x\ 2 . 

Then every nontrivial homotopy class in tti(G) contains a closed geodesic for g. 

In [T] we proved the following boundary behaviour of the A-metric: Let D be a C°°-smoothly bounded 
strongly peudoconvex domain in C™ and ds 2 be the A-metric on D. Suppose that ip is any C°°-smooth 
defining function for D. Then 

ds 2 z (v,v) w 6~ 2 (z)\v N (z)\ 2 + 5- 1 {z)L i ,(iT{z),v H {z)) 

uniformly for all z sufficiently close to dD and all v € C™. Here, v = vh(z) + vjv(z) is as usual the 
decomposition of v at the point ir(z) G dD, S(z) — d(z,dD) is the Euclidean distance of z to the 
boundary of D and L^(z,v) denotes the Levi form of ip at z along v, i.e., 

Q,/3 — 1 r 

Also, it is known that the Bergman metric ds 2 B on D has the same boundary behaviour. It follows that 

ds 2 z (v,v) 

uniformly for all z sufficiently close to dD and all v £ C". Also, on compact subsets of D, these two 
metrics are uniformly comparable to the Euclidean metric. Thus we have the follwoing: 

Proposition 7.2. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C" . Let ds 2 

denotes the A-metric on D and ds 2 B denotes the Bergman metric on D. Then there exists a constant 
C > 1 such that 

C- x ds 2 B < ds 2 < Cds 2 B 

uniformly on D. 



Proof of theorem 1.4- We will show that the A-metric on D satisfies the hypothesis of theorem 17.11 
Indeed, since dD is smooth, condition (i) is evidently satisfied. Also, note that the Bergman metric is 
complete on D ([5]) and satisfies property (P) [2]. It follows from proposition 17.21 that condition (ii) is 
satisfied. Thus the theorem is proved. 
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8. L 2 -COHOMOLOGY OF THE A-METRIC 



Let M be a complete Kahler manifold of complex dimension n. Let f2| be the space of square integrable 
i-forms on M. Then the (reduced) L 2 -cohomology of the complex 

n° 2 (M) ^ nl(M) nf"(M) ^> o 

is defined by 

H*(M) = = d ' 



Im<ij_i 

where the closure is taken in L 2 . Now, let W 2 (M) be the space of square integrable harmonic i-forms on 
M. Then the completeness of the metric implies that H 2 (M) = H 2 (M). We have the following result 
(0) on the vanishing of the L 2 -cohomology outside the middle dimension: 

Proposition 8.1. Let M be a complete Kahler manifold of complex dimension n. Suppose that the 
Kahler form u) of M can be written as u = dr], where r\ is bounded in supremum norm. Then Tl 2 (M) = 
for i =/= n. 

Also, we have the following result ([9]) on the infinite dimensionality of the L 2 -cohomology of the middle 
dimension: 

Theorem 8.2. Let D be a domain in a connected complex manifold of dimension n and ds 2 be a Her- 
mitian metric on D. Suppose that there exists a non- degenerate regular boundary point zq € dD. Also, 
suppose that there exist a neighbourhodd U of zq, a local defining function <f> for D defined on U and a 
Hermitian metric ds^ defined on U such that 

C- X ds 2 < {-4>)- a dsl + {-4>y b d(fd(j) < Cds 2 

onU C\ D , where a, b and C are positive numbers with 1 <a<b<a + 3. Then, for any positive integer 
p and q with p + q = n, 

dimH%' q (D) = oo 
where H 2 ,q (D) denotes the L 2 d-cohomology group relative to ds 2 . 

Remark 8.3. The above theorem in particular implies that if ds 2 is complete and Kahler, then for any 
positive integer p and q with p + q = n, 

dim-H p 2 q (D) = oo 

where T-l 2 ' q (D) is the space of square integrable harmonic (p, q)-forms on D relative to ds 2 . 

To apply these results to the A metric, let I? be a C°°-smoothly bounded pseudoconvex domain in C n 
and ds 2 be the A-metric on D. Then the Kahler form u> of ds 2 is given by 

.^a 2 log(-A) , ^ 
lj = i y — - — — — az a A azH = dr/ 

^ dZadZfi 
a— 1 r 

where 

dlog(-A) 

dz a 



i 'L a_ aZa - 



a=l 

Now let ip be a C°°-smooth defining function for D. Then, differentiating the relation 

A = A^ 2 "- 2 

with respect to z a we obtain 

(8.1) dlog(-A) = x _ lK 

OZa 

Therefore, 

(8.2) r](v) = 91 °^~ A K a = -^A" 1 ^,^) - 2(n - l)^" 1 ^,^)) 

a =i " Za 

and 

(8.3) \r](v)\ 2 = \- 2 \(v,d\)\ 2 - 4(n - ^X-^r^^v^dX)^^^ + A{n - l) 2 ^- 2 \(v,d^)\ : 
Also, differentiating (|8.1[) with respect to ~zp we obtain 

(8 ' 4) ^dTdz^ = A ^ " x ~ 2XaX ? + 2(n _ x ^~ 2 ^ ~ 2 (" - i)^" 1 ^- 
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Therefore, 

m *■(-.>- 

= X-'Lxiz^) - \- 2 \(v,d\)\ 2 +2(n-l)ip- 2 \(v,dij)\ 2 -2(n-l)ip- 1 L^z,v) 

Lemma 8.4. Let D be a C°° -smoothly bounded pseudoconvex domain in C™ and ip be a C°° smooth 
defining junction for D . One has the following: 

(1) If zq £ dD and v £ C is a unit vector satisfying (v,dip(zo)/ 7^ 0, then 

llm TTi V = 2 ( n_1 )> 

z->zo as*(v, v) 

(2) If zq £ dD is strongly pseudoconvex and v £ C™ is a unit vector satisfying (v,dif}(zo)) = 0, then 

lim = 0. 

Moreover, the limits are apporached uniformly for zq £ dD and unit vectors v. 

Proof. Since A is C 2 -smooth up to D and if> is C°°-smooth, the terms 

(v,d\(z)), (v,dip(z)), L\{z,v), and L^(z,v) 

are uniformly bounded for all z £ D and all v £ C" with |u| = 1. Also, since A = — \dip\ 2n ~ 2 on dD, it is 
evident that A -1 is bounded near dD. 

By the above observation it is evident from (|8.3I) that 

lim (i;(z)) 2 \n z (v)\ 2 = 4(n - l) 2 \(vM(z ))\ 2 

Z^Zq V 7 1 * 71 

and from (|8.5[) that 

lim (^(z)) 2 rfs^(w,w) =2(n- l)|(w,^(z ))| 2 

2— >2 

uniformly for zo G dD and unit vector v. Therefore, 

li m M^ = 2(n-l) 
2^20 ds z (v, v) 

uniformly for zq £ dD and unit vector v satisfying (v, dip(zo)) ^ 0, which proves (1). 
To prove (2), observe that if (v,dtp(zo)) = then 

(v,dip(z)) = (v,dip(z)) - (v,dip(z )) = (v,dip(z) - dip(z )). 

Since 

\dtl>(z) -diP(zo) I <(-#*)) 
uniformly for z near zq, it follows that 

|(v,^(z)>| <(-#*)) 

uniformly for 2 near zo and unit vectors i> satisfying (u, dtp(zo)') = 0. Combining this with our previous 
observation, it now follows from (|8.3[) that 

lim (-ip(z))\r, z (v)\ 2 = 

2->2 

and from (I8.5[) that 

lim ( — tp(z))dsl(v, v) = 2(n — X)L- ! j J (zo, v) 

z^rz 

uniformly for zq £ dD and unit vectors v satisfying (v, dip(zo)') = 0. Since zo is a strongly pseudoconvex 
boundary point, L^(zq,v) > and hence 

llm ~7T( V = 

2->2 asj(v, v) 

uniformly for all strongly pseudoconvex boundary points zq £ dD and all unit vectors v satisfying 
(v,dif)(z )) — 0, which proves (2). □ 
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Proposition 8.5. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C™. Then the 
ratio 

(8.6) * 

dsj(v,v) 

is uniformly bounded for z G D and vectors v € C" with v ^ 0. 
Proof. By lemma f8T4l the ratio 

Mv)\ 2 

ds 2 z (v,v) 

is uniformly bounded for all z near dD and all unit vectors v. It is evident that this ratio is uniformly 
bounded for all z on a compact subset of D and all unit vectors v. Now, by homogenity of r] z (v) and 
ds^. (v,v) in the vector variable v it follows that the ratio is uniformly bounded above for all z S D and 
vectors v ^ 0. □ 

We also note the following: 

Proposition 8.6. Let D be a C°° -smoothly bounded strongly pseudoconvex domain in C ra and ds 2 be the 
A-metric on D. Suppose that ip is a C°° -smooth defining function for D. Then 

ds 2 pa (-i/0 _1 ds| + (-ipy 2 dipd*p 
uniformly near dD, where ds 2 E is the Euclidean metric on C". 

Proof. It is known that the Bergman metric on D satisfies the same estimate. Therefore, the proof follows 
from proposition 17.21 □ 

Proof of theorem 1.5. Let ds 2 be the A-metric on D. By proposition 17.21 and the completeness of the 
Bergman metric on D, ds 2 is complete. Therefore, by propositions 18.11 and 18.51 we have 

hUd) = o 

for i n and hence 

H p 2 ' q {D) =0 

for p + q n. Also, by remark [8.31 and proposition 18.61 

dimWg' g (D) = oo 

for any positive integers p and q with p + q = n. Moreover, a harmonic (n, 0) form on D is precisely of 
the form 

f(z) dzi A ... A dz n 

where f{z) is a harmonic function (with respect to the standard Laplacian) on D. Therefore, ^'"(f) 
(and thus H^iD)) is isomorphic to the space of square integrable harmonic functions on D which is 
evidently infinite dimensional. This completes the proof. □ 
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